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HUccnenyercs Mozenb AUHAMUKA YHCICHHOCTH TOMYJISIIMK C CE30HHBIM XapakTepoM pasMHokeHus . [Ipemonaraercs,
YTO MOMYJISIMS MOXKET OBITh IPEACTABICHA K HAYaTy OYEPEIHOIO CE30Ha Pa3MHOKEHUSI COBOKYITHOCTBIO JIBYX BO3pac-
THBIX KJIACCOB: MJIAJILLIET0, BKIIOYAIOLIEr0 HEMOJIOBO3PEIIBIX 0COOEH, U CTaplIero, COCTOSILEro U3 0C00€H, yHacTBYIOIIMX
B pa3sMHOKeHuUH. [lapamMeTp BEDKHBAGMOCTH MOJIO/IH TPEICTABJICH SKCIIOHCHIIMATBHOU QYHKIIMEH YUCICHHOCTEH 00ernX
BO3PACTHBIX IPYIII M TEM CaMbIM OCYILECTBILSICTCS INIOTHOCTHO—3aBHCHMAsl PEryJIilus pocTa momyisiiuu. [IpoBeaeHo
AQHAIMTHYECKOE U YUCIICHHOE UCCIIeIOBaHUE MOIeNTH. [10Ka3aHo, 4TO MIIOTHOCTHO-3aBUCUMBIC (DAKTOPBI PErYIISIIHH POCTa
MOMYJISIIA MOTYT IIPUBECTH K BOSHUKHOBEHHUIO KOJICOAHHI YMCIICHHOCTH U K Xa0THYE CKOMY TMHAMUY ECKOMY ITOBEICHUIO

TOITYJIALINH.

KiroueBkle cioBa: niomnocmuo-3asucumpie (i)a}cmopbl, OUHAMUKA YUCTEHHOCMIU nonyJiAyuu, ()MH{L‘VIMV@CKM@])GJICMWIM.

BBEJIEHUE

Haubonee pacrnpocTpaHEeHHBIM MEXaHU3MOM
PEryIIMpoBaHys ypOBHS YUCICHHOCTH MOMYJIALINH 5IB-
JIsieTCsl yMEHbILIEHNE BBDKHBAEMOCTH HETOJIOBO3pe-
JeIX ocobeii. PaHee ciydaii TByXBO3pacTHOM Mojie-
JIY IPH TUIOTHOCTHOM JIMMUTHPOBaHHH BEIKHBAEMO-
CTH MJIAJIIINX BO3PACTOB OB H3YYeH JOBOIBHO OC-
HoBaTenbHO. Tak B padorax [4-6] paccmarpuBancs
ClTy4aii, KOra BBKMBAEMOCTh MOJIOAN JIMHEHHO UITH
9KCTIIOHEHLIMAIBHO 3aBUCENa OT IUIOTHOCTH CaMUX
MJIagmuX Bo3pactoB. OnHaKo, Ui MHOTHX JKHBOT-
HBIX BBDKHBAEMOCTb MOJIOJIH OIPEAEISETCS HE TOIb-
KO (M HE CTOJIBKO) YHCICHHOCTHIO MOJIOJIH, HO 3aBH-
CHUT H OT YHCIJICHHOCTH B3pOCIBIX ocoOelt. KpaitHum
CITy4aeM 371eCh SIBIISICTCS KAaHHUOAIH3M (Hampumep,
y HEKOTOPBIX BHJOB PBIO), KOTIa B3pOCIbIE 0COOH
YaCTUYHO MUTAIOTCA COOCTBEHHBIM IPHUILIONOM,
CHIDKAsg TEM CaMbIM YHCJIEHHOCTh CBOUX IOMYIIsi-
i [1].

Jannast pabota mpomobKaeT uccleaoBaHus Ha-
yareie B [4-6]. B omimyme oT mpeamecTByOMMX
paboT, B KOTOPBIX MPEANOIaraioch, YTO Ha BBDKHU-
BaeMOCTb MOJIO/U BJIHSIET TOJIBKO €r0 YHCICHHOCTD
(MM YUCTICHHOCTD BCEH MOMYIISIMM), 31ECh aHAIH-
3upyercs ciy4ai, korga ko3 puurent BbkuBaeMo-
CTH MOJIOJM SIBIIsieTCs (DYHKIMEH Y CIEHHOCTH 00enX
BO3PACTHBHIX rpynn. Takas MOCTaHOBKA 3aJayd B
MOJTHOM BHUJE JI0 CUX IOp HE paccMaTpUBaiach, ee
HCCIIeIOBAHNE TIO3BOJISICT MPOCIETUTh KaueCTBEH-
HYI0 KapTUHY M3MEHEHUS! TUHAMHUYECKOTO MOBee-
HUS TIpeaiaraeMoi MOJEIH B 3aBUCHMOCTH OT WH-
TEHCUBHOCTH KOHKYPEHTHOTO JJaBJICHUS IBYX BO3pa-
CTHBIX KJIACCOB APYT Ha JIpyTa.

YPABHEHUS JTUHAMUKHU

YpaBHEHUST TUHAMUKH TOMY/ISIINHU, PETYIISIIISL
pocTa KOTOPOM OCYILIECTBISETCS MIyTeM CHIKCHUS
BBIKMBAEMOCTH MOJIOH, UMEIOT BUJI:

Xn+l = ayn
Yo = S(Xns Yo )X, +VY,

rJe X - YMCICHHOCTh MIIQJIIETO BO3PACTHOTO
KJ1acca, Y - YUCICHHOCTh CTapIIEro BO3pacTHOrO
KJIacca, COCTABISIONICTO PENPOMYKTHBHYIO YacTh
HOMYJISIAK, N - HOMEP TePHOJIa PA3SMHOKEHHS, a -
koapdunuent poxaaemocty, V (0 <v<1) - koad-
(UIMEHT BEDKMBAEMOCTH B3pOCIBIX 0c00eit. DyHK-
[Hsl BBOKMBAEMOCTH MIIA]IIIETO BO3PACTHOTO KJIac-
ca S(X, Y) BbIOpaHa 1o aHAIOTUH C MOJIEIbIO PrKe-
pa [14] 8 Buze S(X,Y) =€ “* Y rre a - kosdpdu-
IMCHT, OMMCHIBAIOIINI HHTEHCUBHOCTD BO3IECHCTBHS
oco0eii MiaIero BO3pacTHOro Kiacca, kodgduiu-
eHT 3 XapakTepu3yeT HHTEHCHBHOCTH BO3/ICHCTBHS
oco0eii BTOpPOro BO3pacTHOIO Kiacca.

)

YCTOMUUBOCTHh CTAIIMOHAPHOT'O
COCTOAHUA

Mogens (1) npu 3amMeHe MepeMEeHHBIX & - X —> X
H &Y —>Y CBOIUTCA K BUIY.

Xpp =a-Yy,
2
yn+1:Xn'exp(_xn_p'yn)+v'yn’ ( )

e o = B/ - mapamerp, XxapaKTepH3y IOl OTHO-
HIeHNEe HMHTEHCUBHOCTU TIMMUTHPOBAHUS BEDKHBAE-
MOCTH MJIaJllIel BO3pacTHOW TpyHIbl 3a CUET MO-
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JIOBO3PCIIbIX ocobeit u CaMOJIMMUTHUPOBAHNA. Cuc-
TEMa UMCCT CAUHCTBCHHOC HCHYJICBOC CTAallMOHAP-
HOC pCHICHUC

1
In
1+c

1
a-(l+c)

a
1-v

a
-In ,
1-v

X = VY=
cymectByromee npu a>1-v u 0<v<]1, rae
c=p/a.

['panuisr 00MacTH YCTOWYMBOCTH, MOTYT OBITh
OIpPE/ICNICHBl Ha OCHOBE 3HAUYCHUM COOCTBEHHBIX
YUCEN XapaKTEPUCTHUSCKOTO MHOTOUJICHA JIMHEAPH-
30BaHHOI CHCTEMBI, COOTBETCTBYIOIIEH Monenu (2)

[2]:
A=lra=a =1-v,

2v-(1+c)
c-n@-v) )

(2-v)(1+ C)J

XapakTepHOoe U3MEHEeHHE 00J1acTH yCTOHYNBOC-
TH HETPUBUAJIBHOTO PaBHOBECHUS B TUTOCKOCTH (V; )
MIpH Bapraluy 3HAYEHUH apaMerpa ¢ mpeacTasJie-
HO Ha puc. 1.

A=-l:a=a,=(1-Vv)exp

4] =1: a=a,=(1-v) exp(
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Puc. 1. O6nacTb yCTONYMBOCTM HETPUBUAITBHOIO PELLEHMS CUCTEMBI (2)
npu UKCUPOBAHHBIX 3HAYEHMWSIX MapameTpa C.

B 3aBUCUMOCTH OT BO3HUKAIOIIUX PSKUMOB JIH-
HaMHKH B MOJEIA MOXXHO BBIJICITUTH CIICAYIOIINC
Jara3oHbl 3HAYSHHI Imapamerpa C.

1. 0<c<1. B atom caydae o6acts yCTOWYH-
BOCTH OTPaHMYUBAETCS OJHOH KPMBOHM a, M Cyllle-
CTBEHHO YBEIMYMBAETCS C POCTOM Tapamerpa C.

[ToTepss ycTOMYMBOCTH MOXKET MPOU30HUTH TOJb-
KO MPH KOMILJICKCHO-COMTPSYKCHHBIX KOPHSX XapaKTe-
PHCTHUYECKOTO ypaBHEHHMS, IPH Tiepexose |A| depes
1, ¥ conpoBOXKIAETCS MOSBICHUEM MPEICTBHBIX HH-
BapUAHTHBIX KPUBBIX, KOTOpPHIC MPU JabHEHIIIEM
yAaJeHUY 3HAYCHHI TapaMeTpoB V U @ OT TPAHHIIBI
YCTOWYMBOCTH Pa3pyIIAIOTCs ¢ 00pa30BaHUEM BECh-
Ma CJIOKHBIX TPEACTBHBIX CTPYKTYP.

Takum o0pa3om, 1oO6aBIEHUE K CAMOIIMMHUTHPO-
BaHUIO BEKMBAEMOCTH MIIA/ILIIEH BO3PACTHOH IpyII-
MBI elle U JTUMHUTHPOBAHHS B3POCIBIMH OCOOSIMH
(YMEHBIIIEHHE BBIKHBAEMOCTH MIIAJILIEH TPYIIIBI C
POCTOM YHCIICHHOCTH B3POCJIBIX) IIPUBOJIHT, HAPSLY
C YMEHBIIICHHEM PaBHOBECHON YHCICHHOCTH TOITY-
JSIIHH, K CYLIIECTBEHHOMY YBEJIMYEHUIO 00JIacTH ee
YCTOWYUBOCTH.

2. 1< ¢ < 3. Ilpu mepexoze mapamerpa C yepes
oudypkanronHoe 3Hauenue C = 1, nodasinsercs HO-
Basi TPaHMULA 00JIaCTH yCTOWYMBOCTH @,, KOTOpas ¢
POCTOM MapamMeTpa C IPOBOAUT K CYIIECTBEHHOMY
ee cyxeHuto. Iloreps ycTONYMBOCTH HETpUBHAIIb-
HOTO PaBHOBECHH Yepe3 3TY IPaHUILy IPOUCXOIUT IPH
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nepexone OAHOTO U3 COOCTBEHHBIX yHceld dyepes -1
1 COMPOBOKIACTCS POXKICHUEM MTPEAETBHOTO 2-1IUK-
na. Bmecre ¢ Tem ipu 1< C < 3 coxpausercs rpa-
HHIIa 001aCTH YCTOWYMBOCTH @, COOTBETCTBYOIIAS
|/1| = 1, xoTopas mepecekaercs ¢ KpMBOH a, NpH
v=2(c-1)/(c+1).

TakuMm o0pa3oM, AanbHEWIIMHA POCT OrpaHUde-
HUS BBDKUBAEMOCTH MIIAIIEH TPYIIIBI B3POCIBIMU
0CO0sIMH TIPUBOIUT, HAPSAY C YMEHBLICHUEM PaB-
HOBECHOH YHCIICHHOCTH MOMYJISIIIH K CYIIECTBEHHO-
My YMEHBILIEHHIO 00JIacTH ee ycroduuBocTH. [lpu
9TOM MEHseTCA KauyeCTBEHHAs KapTHHA MOTEPH yc-
TOWYMBOCTH: TOSIBIIsIETCA OO0bIIasi 30Ha 3HAYCHUH
napamMeTpoB V U 8 YBEIMYUBAIOMIAACA C POCTOM
napaMeTpa C Iepexoa B KOTOPYIO COMPOBOXKAAETCS
noTepel yCTOHYMBOCTH PAaBHOBECHSI U MOSIBJICHUEM
2-1IAKTIA.

3. € >3. B aT0oM Anana3oHe 3Ha4EHHUI1 mapaMer-
pa C KpuBas @, HaX0JUTCA Bble a,. CrenoBarenb-
HO, 00J71aCTh YCTOWYMBOCTH OTPaHUIMBACTCSI OJHOM
KPMBOH @, W CYHIECTBEHHO YMEHBLIAETCS ¢ POCTOM

napamerpa C. [loTeps ycTOMYMBOCTH MOXKET Mpo-
W30HWTH TOIBKO MPHU MEPExXoae OTHOrO U3 COOCTBEH-
HBIX ymcen uepes -1. CrenoBaTenbHO, YCIOXKHEHNE
JMHAMUKH IPOUCXOONT 1o cueHapuio Deiirend6ayma
- 4yepe3 Kackal OudypKaluil yaiBOEHHUs MEepHOaa.
CaMOIMMHUTHPOBaHUE BBDKMBAEMOCTH MJlaJIIen
BO3PAcTHOH MPaKTUUYECKH HE UTPAET POJIH.

PE3VJIBTATBI YUCJIIEHHOI'O
SKCIHHEPUMEHTA

HarnsnHoe npeacraBieHue 0 MOBEIEHUH TPaeK-
Topuit cuctemsl mpu 0 < C <1 naT «mOPTPETHI»
aTTPAaKTOPOB, KOTOPHIE COOTBETCTBYIOT KOHKpPET-
HBIM 3HaueHusM napamerpa a. Tak npu ¢ = 0,1 u
v = 0,05 mepexon mapamerpa a uepe3 rpaHUILy yc-
TOMYMBOCTH CONPOBOKIAETCS MOSBICHUEM IIpe-
JIeTIbHON MHBApUAaHTHON 3aMKHYTOM KpUBOM, KOTOpas
pu JajdbHEHIIEM pocTe a pa3pyuiaercs ¢ obpaso-
BaHHEM CJIOKHBIX MPEACIBHBIX CTPYKTYp (pHc. 2).

¥ Y
037 03+ {’\\N\J\_H
“7 01T w/’/
0 i 5 —x| X
a=12 1=15

Puc. 2. «[lopTpeTbl» aTTpaKTOPOB NPV U3MEHEeHU NapameTpa a

B sToM amamaszoHe 3HaueHUH mapameTrpa C
(0<c<1) cucrema umeeT aTTpakTOpbl APOOHOI
pasmepHoctH [3], 1100 MpHU MabIX 3HAUYCHUSX Ma-

pamerpa BBDKMBAEMOCTH CTapIIEro BO3PaCTHOTO
KJacca, IM0o MPpH OYeHb BHICOKHUX 3HAYCHHSIX T1apa-
Mmetpa poxnaaemoctu (puc. 3).
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Puc. 3. «[lopTpeTbi» aTTpakTopoB ¢ ApO6GHOM pa3mepHOCTLio Npn 0 < c <1

ITpu 1< ¢ < 3 morepst yCTOHYMBOCTH BO3MOKHA
IBYMSI pa3IHYHBIME criocobamu. Ha pucynke 4 s
¢ = 1,2 npencTasiieHbl OMPYpKALMOHHBIE THATPaM-

MBI ITPH PA3JIMYHBIX 3HAYCHUAX IMMapaMCTpa BbIXKU-
BacMOCTU CTApLICro BO3PACTHOIO Kjacca.
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Puc. 4. BudypkaumoHHasa guarpaMmma AMHaMU4eCcKor nepemMeHHon X oT napamMeTpa a
npu c=1,2

ITpu € > 3 ycinokHEHHE TMHAMHKA TTPOHCXOAUT
yepe3 Kackaja Oudypkanuii ygBoeHHs mepuona
(puc.5). budypkanuonHas AuarpaMMa JIOMOJIHEHA
Hauboee OOIIUM U 4acTO BCTPEYAIOLIMMCS MOPT-
perom ¢a3zoBeix Tpackropuil (C = 15, v = 0,5) Kax
BUJMM, OH XapakTepu3yercsi OOJbLIIMMHU pa3maxa-
MU 3HaYCHUH YUCICHHOCTH MKy KpaiHUMH TOY-
kamu. s 6osee MONMHOTO aHajM3a, yKa3aHHOTO CITy-
4ast ObUIA OCTPOCHBI IPa)UKH CTAPIIETO JISITYHOB-
CKOT'0 TIOKa3aTelsi ¥ pa3MepHOCTH aTrTpakTopa (puc.

5). B cooTBeTCTBHH CO 3HAUCHUSMH CTAPILETO Jsi-
MYHOBCKOTO TMOKa3aTelsl peain3yercsi Kackal Ou-
¢ypkaumii ynBoeHus nepuona (B Toukax oudypka-
LU 3HaYeHUs! pa3MEPHOCTH aTTPaKTopa U CTapiie-
T'0 JISITYHOBCKOTO MTOKa3aTelisi paBHbBI HYII0). Bo3Hu-
Kalolue aajiee XaoTHUYEeCKHE CTPYKTYpPhl MMEIOT
pa3MepHOCTs 4yTh Oomnblie equHUIB. [Ipuuem c
JaJIbHEHIINM POCTOM 3Ha4YeHUH mapameTpa a pas-
MEpPHOCTh aTTpaKTopa yBeauuuBaercs [2].

X
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| o e
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Puc. 5. BudypkauvoHHas gnarpamma, AorosiHeHa «MopTpeToM» aTTpakTopa u rpadurkamm pasmMepHOCTU
aTTpakTopa D 1 cTapLuero nsanyHoBCKOro nokasatens A

3AK/IIOYEHUE

[IpoBenenHoe HccneqoBaHUE AMHAMHYECKOTO
MOBEICHU] MOJENH MTOKa3ajo, 4YTo NaJeHUE BBIKH-
BAEMOCTH MOJIOI C YBEIMUYEHHEM €TI0 YHCIEHHOC-
TN sBuseTca dQPEKTUBHBIM MEXaHU3MOM PeryJis-
LU POCTa YUCIEHHOCTHU. [lafenne BeKUBaeMoCTH
MIPHUIUIOAA, TPSIMO UITN OIIOCPENOBAHHO CBSI3aHHOE C

POCTOM €Tr0 YMCIIEHHOCTH, IHPOKO paclpocTpaHe-
HO B IPUPOAHBIX MOMYJSIHSIX, B TOM YUCIIE Y KPYII-
HBIX MJICKOITUTAIOILHX.

BwMmecte ¢ Tem, 04€BHIIHO, UTO Takas perymsius
pOoCTa YUCIEHHOCTH NIPH YBEUYEHUH MTOTEHIATb-
HBIX PENPOAYKTHBHBIX BO3MOXKHOCTEH 0cOOEH Mo-
KET MPUBECTU K BOZHUKHOBEHUIO KOJICOaHUN YHC-
JIEHHOCTH, HMEIOIINX BEChMa CIIOKHYIO BPEMEHHYIO
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OpraHHU3aLHIO.

30Ha mapaMeTpuIecKol yCTOMUYMBOCTH MOMYIIS-
LMY MOXKET CYILIECTBEHHO YBEINYUTHCS, €CITU KOd (-
GULHEHT POXKAAEMOCTH OyJeT YMEHbIIATHCS HE
TOJIBKO C POCTOM YHCIIEHHOCTH ITOJIOBO3PEIBIX OCO-
Oeil, HO M C pocTOM YHCIEHHOCTH npurioaa. OnHa-
KO, TAKOH PEryIsTOPHBIA MEXaHNU3M OKa3bIBAaeT MO-
JIOKUTENBFHOE BIMSHUE TOIBKO MPH CJIa00M BO3IEH-
CTBHH, HE MPEBOCXOMSIINM PETYISTOPHYIO POIIb
B3pOCIBIX 0COOEH.

AHaJIOTHYHO, YBEINYHBAET 00JIaCTh NapaMeTpH-
YEeCKOM YCTOMYMBOCTHY OMYJISILIMK JOOaBJICHHE K Ca-
MOJMMHUTHPOBAHUIO BEDKMBAEMOCTH MJIaAIIEH BO3-
pacTHOH Tpynmbl HEOONBIIOTO JTUMHTHPOBAHHUS
B3pOCIBIMH 0cO0SIMU (YMEHBIIICHUE BBDKUBAEMOC-
TH MJTQJIIICH TPYIIIIBI C POCTOM YHCIEHHOCTH B3pOC-
abIX). BMmecTe ¢ TeM, perynsius BEDKUBAEMOCTH
MOJIOM MPEUMYILECTBEHHO B3POCIBIMU OCOOSIMU
OKa3bIBaeTCs Masio 3QPEeKTUBHON: 00/1aCTh yCTOMU-
YUBOCTH CHJIBHO CYXaeTcsi W MPH BBIXOAE U3 Hee
MOIYJISIIKS UCIIBITBIBAET KoNieOaHwusl, T0A00HbIE Ou-
CHUSIM.

Takum 00pazoM, MBI TOJBKO-TONBKO HAYHHAEM
0CO3HABATh HBOJIIOLIMOHHBIEC BOSMOKHOCTH PA3BUTHS
9KOJIOTMYECKH JTMMUTHPOBAHHBIX MOMYISALUH, 00Ja-
JIAfOIINX BO3pacTHOU cTpykTypoii [7-10]. Cuenapun
WX TEHETUUYECKOro M ITUHAMHYECKOTO Pa3BUTHUS
OYeHb BIEYATISIIOT M BECbMa JAJIEKH 10 MOJHOTO
MOHUMAHHA U OTICAHHUSI.

HUccnenoBanus mpoBeAeHb! py (GHHAHCOBOU MO
nepxke JIBO PAH (konkypcubie npoektsl Ne 09-
11-CO-06-006, Ne 09-1-P15-01) u PODU (npoekt Ne
09-04-00146).
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DYNAMIC MODES OF TWO-AGE POPULATION MODEL
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In this paper we research a mathematical model of dynamics for the population number. We considered the population
of the two age classes by the beginning of the next season: the younger, one including not reproductive individuals, and
the senior class, consisting of the individuals participating in reproduction. The survival parameter of the younger class
is represented the exponential functions of the both age groups numbers. According to this supposition the density-
dependent factors restrict the development of population. Analytical and numerical analysis of the model is made. We
investigate the dynamic modes of the model. It is shown that density-dependent factors of regulation for the population
number can lead to generation of fluctuations and chaotic dynamics behavior of the population.

Keywords: Population models equations, discrete-time systems, age distribution, density-dependent, stability, bifurcations,

dynamic modes, chaos.
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